CALCULATION OF THE DIFFUSION AND MIGRATION CURRENTSIN
SYSTEMSWITH ARBITRARY IONIC CHARGE WHERE METAL
ELECTRODEPOSITION OCCURS IN PARALLEL WITH ANION
REDUCTION
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An analytical solution of theelectrodiffusion problemwasobtained for systems with arbitraryionic charge
where cation reduction occurs in parallel with a process of anion reduction involving hvdrogen ions and
producing another kind of anions. The conditions were analyzed where limiting currents can be attained
for the first and second process, and the regions of admissible currents were defined where the two
processes can occur in parallel in a steady mode.

When el ectrode processes occur in parallel in systems lacking base electrolyte, one of them may influence another
at the stage of reactant transport by diffusion and migration in the diffusion layer. Thisinfluence may be unilateral, as
e.g. in migration-current exaltation [1, 2], or mutual, as e.g. in correlational exaltation of the migration currents [3].
This influence generally can produce both an increase (exaltation) and a decrease (depression) of the limiting current
of afirst reaction on account of a second process occurring in parallel.

In [4], electrodiffusion problems were analyzed in systems where metal electrodeposition occursin parallel with
anion reduction inacidified solutions. Schemes were examined where hydrogen ionsareinvolved and a neutral substance
is produced in the reaction in which the anions are reduced. This analysis was generalized in [5] to the case of neutral
anion reduction products in systems with arbitrary ionic charge.

In the present work we describe the analytical solution for a system with arbitrary ionic charge where the metal
cations are reduced in parallel with a process involving hydrogen ionsin which the anions are reduced and another kind
of anions is produced.

An example of such processes is the reduction of copper in nitrate solutions at solid electrodes:

Cu**+2e—~Cu°t » (1)
when the NO,~ ions are reduced according to the scheme of
NO,~+21*+2e~ N0, + H.0. (2)

The general scheme of processes of this type where reduction and the anions being reduced have identical charge [sic]
can be written as
AT e — AL, (3

AP = pATT (pige— AT N B (4)

Here suffixes 1 to 4 correspond to the ions of the metal being deposited, to the cations involved in the second reaction,
to the anions being reduced, and to the anions being produced; A;* is the symbol for the corresponding component, B,
are the neutral products of reaction (4), p is the stoichiometric coefficient, and z; is the charge of the corresponding ion
(with z3 = z)).
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The system of electrodiffusion equations which describes the scheme of (3) and (4) is given by
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dr dx pz; FD.°
7,0, t7,00=75(cstc,). ®

Here c; are the corresponding concentrations made dimensionless through concentration ¢, of the metal ionsin the bulk
solution,D; are thecorresponding diffusion coefficients, = FE/RT isthedimensionless potential, x isthedimensionless
coordinate 0< x < L), L isthethicknessof the Nernst diffusion layer, and/; > Oandjz > Oaredimensionlesscurrents.
At the limits of the diffusion layer the values of potential and component concentrations are given as

es(1)=1, c.(1) =k, c; (1) =(Z,+kz.) [Z,, c.(1)=0, p(1)=0. (10)

We take into account that the diffusion coefficients of the original and resulting anions are sufficiently close so

that D, ~ D4. Moreover, tosimplify the notation weshall introduce relativecharges z, and z, and the relative potential ¥
defined as

z,=2,/%,, 22=1,/%,. ‘I’=Z,1I~. (11)

Quantities z,, z,, and ¥ coincide with the common quantities when zg = 1, which is true in particular in the scheme

of (1) and (2).
Using (11) we can rewrite Egs. (5) to (9) as

Trnet o, (12)
ddC; + ::czd—::—: = jV, (13)
z,¢Fzac,=cstcy, (16)

where the parameter v = pD,/D,. Combining (14) and (15) and introducing the notation of

cs=cte,, (17)
we obtain the equation
de, av
= 18
dz  dr (18)

The system of Egs. (12), (13), (16), and (18) with boundary conditions (10) describes the correlational exaltation
of migration currents. It has been analyzed in detail in [3]. Following the solution scheme described in [3] we obtain
below a solution for c,, ¢,, cg, and ¥, and then find concentrations ¢y and ¢, by using Egs. (14) and (16).

Using linear combinations of the Egs. (12) to (16) we can write quantity dx/d¥ in terms of component
concentrations, thus:

dz _ z(2,—2) e+ (1+3z,) ¢y |

7 " - (19)
dav Jsz2itiaz,
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Substituting (19) into Egs. (12) and (18) and changing to the new independent variable ¥, we obtain a system of two
linear first-order equations for €1 and€s- We shall seek a solution of this system in the form of ¢ =~exp(Q¥). The
resulting equation for the characteristic values A has simple solutions; one of them is unity, the other

Z,Z-_-('1+J) (20)
2 tz.d

A=

where J=vj,/j, is the flux ratio of the second and first kind of cations. The profiles of concentrations ¢; and ¢s can
be found as linear combinations of the exponentials obtained. Allowing for boundary conditions (10) we can write them
as

C5=(Z(+k22)e\". (21)

Co— (1+2,) (zitkz) e¥+2.[J (2, +1) =k (z.+1) ] Y (22)

v () —2.d (142,)

Concentration ¢, can now befound from (21) and (22) and theelectroneutrality condition (16). Thus, ¢, ¢, and ¢s have
been determined as functions of potential ¥.

To find these concentrations as functions of coordinate x we must write the latter in terms of potential ¥.
Substituting (21) and (22) into (19) we obtain

dz 1
d—‘I—r‘ =—}T(A67+B7\€“’), (23)
where A and B are constants which are independent of W and x:
_ (z24Fkz,) (1+2z) (1+2,) (24)

z,(z,H1) =2, (z,+1) '

- (zi—zz) [k(zz+1)—](31+1)] (25)
(1+0) [z, (1+2,) =z, (1+2,) ]
Integrating (23) while alowing for the boundary condition (10) we can define the implicit coordinate dependence of
potential as

z—1= _L[A (e¥—1)+B(e*"—1)]. . (26)
We change to the independent variable W in (14) in order to find the individual distributions of concentrations
cgand ¢y (not merely that of their sum, cg). Substituting (23) into (14) and integrating while allowing for (10) we obtain

c,=e'{ (z,tkz,) +A‘P’—BA-'A—1[1—e“"”"]} 27

Theexpression for ¢, isobtained from (17), (27). and (21). Thus, through the parameter ¥ concentrationsc,, ¢y, ¢3, and
¢4 were found as parametric functions of coordinate x for arbitrary values of currents j, and j,.

We shall now analyze the limitations imposed upon currents j, and j, because of the possibility that the
concentrationsof individual solution components become zero at the electrode. Setting x = 0in (26) wefind an equation
which defines the value of potential, ¥4, at the electrode:

fi=A(1—e¥)+B(1—e*%). (28)

Under the condition of ¢,(x=0) = 0 which corresponds to the partial limiting current with respect to the metal ions, and
eliminating ¥, with the aid of (22) and (28), we find a relation linking quantities j,(%) and X

b_ 1 a
i =_ﬁ__]{(;,+1)+k(:z+.1)—(z,+kzz)( Z:z )X (29)
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Here and in the following, the superscripts in j;{) and Jo indicate that the current is defined for the condition of
¢;(0) = 0. The link between the currents in the case where the condition of ¢,(0) = Ois realized at the electrode can be
obtained in a similar way:

. (2) 1 . e . 1+Z‘
1= ke = Gk (T2)
WX ICSAV | S | (30
J(z,H1) (z,4kz.) stz oz, (1) 47
It follows from (27) that the condition of ¢4(0) = O leads to the following link between Jand ¥4
(2, +kz)v/J+AWY —B }—;'T[e“—“we—1]=0, 3D

which generally does not admit an analytical expression for ¥, in terms of J. After finding ¥, from this equation by
numerical solutions for given values of parameter J we can calculate the current j,(3) from (28).

Finally consider the limitations imposed upon the currents through the condition of ¢,(x=0) = 0. In this case
concentration ¢, near the electrode should be a rising function, i.e, it should have a positive derivative
(dcy/dx | oo > 0). The quantity on the right-hand side of (15) will be negative because j, is positive. Thisisfeasible
only when the migration term in (15) always remains an essentially negative quantity, which for ¢4 — 0is possible only
when d¥/dx — +c0. It iseasy to see that the latter condition can be satisfied only when in addition to ¢, — 0 all other
concentrations (c,, ¢,, and ¢g) become zero at the electrode at the same time and ¥ — -co. Therefore, relative to the
limitations already discussed, the condition of ¢,(0) > 0imposesno additional limitationson thelimiting currentsin the
system.

We point out that relations (23) to (26) had been obtained in[3] in aslightly different form, while relations (29)
and (30) have been reported in [3]* in the form of an implicit connection between j, and j, which, for the construction
of functionsj,(1:2)(;,(1:2)), would require numerical solution of the equations for j,(1) at a number of fixed values of
J»(1:2)In the present work we usea parametric specification of these functionsin termsof theindependent parameter J,
viz,, j, (02 = j,(12)J) and j,(1:2) = J/u-j,(1:2)(J), allowing these curves to be constructed directly.

Curvesof j,()(j,() corresponding to the conditionsof ¢(0) = 0and i = 1, 2, 3areshown in Fig. 1 for a number
of values of the dimensionless parameters employed.

Thecurve j,(1(j,(V) startsat j,(!) = 0from a point N corresponding to the generalized Eucken relation for the
caseof arbitrary ionic charge [6], and endsat point Q with thecoordinates j, = z, *+ |, j, =(z, t 1)k/v whereit is joined
by the analogous curve of j,(2)(j,(2)) issuing from point M. Here the curves j,(1)(j,(})) can either rise (Fig. |a) or have
aminimum, and point Q can be located, both above (Fig. Ib) and below (Fig. 1d) the point N. Explorations showed that
point Q will be below point N under the conditions of

E>ZL G-, > (32)
2, .

We point out that in [3] only the possibility of a monotonic rise of j,(1)(,{1)) was described.

The behavior of function j,(3)(j,(3)) proved to be not at all trivial. Plots of this function have two branches
separated by a cusp W. Point W generally can be located, both above (Figs. |aand Ic) and below (Fig. 1b) the line of
710G, M) Then curves j,(N(j,(1) and j;(3)(j,(3) either have two points of intersection or they do not intersect. Point R
of intersection of the curve j,(3)(j,(3)) with the horizontal axis of j, can be further to the left (Figs. 1band Ic) and
further to the right (Fig. la) of the point M where curve j,(3)(j,(2)) intersects with the axis of j,, so that curves
713G,3) and j,(2)(j,() either intersect in asingle point or they do not intersect. Finally, for ¥, — ~oo all three curves
of j,(;) merge in point Q, whileit can be shown that curve j,3)(j,3)) is below the curve j,(1(j,(1) but above the
curve of J=k(zy t 1)/(z; 1 1).

Values of currents j, and j, which satisfy the conditions of ¢;(0) > 0 are those in region | of Figs. laand Ic
including the coordinateorigin, and in addition those in region |1. When point W is below the curve j,()(j,(1)) (Fig. 1b),
the resulting region of physically realizable currentsissimply connected. The additional region |l which arises when W
is located above the curve j,(1(j,(1) is physically realizable in principle but cannot be reached by gradually increasing
the currents j, and j, starting from zero; it can only be reached from a transient state.

*wepoint out that in the relations of [3] which correspond to relations (24) to (26) and (29) of the present work,
misprints exist in the symbols for the indices of charge which are eliminated in the present paper.
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Fig. 1 Situation of curves j,()(j,()) in the plane (j,, j,) in the case of v =02
D) 10GM), 2) 71®G,®), 3) j1B0G, () (@) 2y =2, 2, = 1, k=03; (b) 21 =4, 2, =2,
k=2(0)z;=2,2z,=1,k=2;and (d) z; = 1, z, =2, k=25

9
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Fig. 2. Relative positions of curvesin the
plane (/j;, uj,): |)curve corresponding
to (42), 2) curve corresponding to (39),
3) curve corresponding to (40). 4) curve
corresponding to (41) when inequality (43)
holds, and 5) curve corresponding to (41)
when inequality (43) does not hold.

In the case of z; < z, the relative disposition of curves j,()(j,() isas shown in Fig. 1d. Here curve j,(3)(;j,(3))
hasasingle branch issuing from the point R, and asymptotically approachesto the axisof ;,. We notice that for z, < z,,
again cases are possible where the point R is located further to the right or left of point M, and where point Q can be
located above or below the point N.

In conclusion, we shall discuss the chief resultsof the above investigation. When cation reduction occurs as the
only process at the electrode and j, =0, the condition of ¢,(0) > O defines the region of discharge currents
J1 s 71M(j»=0) which is physically realizable, i.e. thecurrent should besmaller than or equal to the limiting diffusion
and migration current. When anion reduction according to scheme (4) is the only process that is realized at the electrode
and j, = O, the physically realizable values of current are determined by the conditions of ¢,(0) > 0 and c3(0) 2 0
(exploration showed that the condition of ¢,(0) > 0 does not give rise to any additional limitations). Depending on the
values of parameters u, k, z,, z,, and zg, a limitation of the current of process (4) in the absence of process (3) is
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possible, either on account of the condition of ¢4(0) = 0 or on account of the condition of ¢4(0) = 0. In the first case
concentration c,(0) decreases with increasing current, and at ¢,(0) = 0 we have ¢3(0) > 0 and j, = jz(z). In the second
caseth(e ;jecrease in concentration c4(0) isfaster than the increase in current j,, and at ¢5(0) = 0 we have ¢4(0) > 0 and
j2 = 32

’ The situation regarding the values of currents which are accessible becomes much more complicated when
processes 73) and (4) occur simultaneously, which is due to the mutual influence produced by migration of the
components. It can be said in general that the region of accessible currents in the plane of (j,, j;) isdefined by the set
of conditions ¢;(0, j,, j3) = 0. Theabove investigation has shown that this region can be simply or multiply connected,
i.e, it can consist of two (or more) nonoverlapping regions.

Curves j,(j,0)) which correspond to the links between the currents of processes (3) and (4) under conditions
where ¢;(0) = 0 and constitute the boundaries of the region of physically realizable currents can have falling and rising
sections. Thesesectionscan beinterpreted asa manifestation of local "depression” and local "exaltation" of the migration
current when the limiting value of one of the currents decreases or increases because the other current has been
increased.

We point out that owing to the complex behavior of curve j,3)(j,3)), three values of the limiting current for
process (4) may exist in the system within a certain region of prelimiting currents j, for process (3) (the dashed line in
Fig. I1b). Thisis due to thefact that concentration c;(0) when considered as a function of current j, at fixed values of
the current j, has nonmonotonic behavior. One of the possible values of the limiting current j,(3) (the central one) can
be attained only when coming from higher currents, which is quite unexpected.

Thus, the above analysis has shown that depending on the parameters involved, effects of an exaltation or
depression of the migration current may be displayed when processes (3) and (4) occur in parallel.

In conclusion we wish to discuss the particular case of z, = z, where B = 0. Equation (31) for ¥, has a single
root \I(fo)z -AJ/v(z, * kz,), from which upon substitution into(28) one can find an explicit parametric expression
for j,(3),

Moreover, in cases where al ions have the same charge one can find the distributions of all concentrations,
directly from (12) to (16). Combining (12) to (15) and integrating while allowing for (16) we obtain for ¢4 *+ c;

cte,=(1+k)y, (33)
where y = 1+ (j, + vj,)(x - 1)/(2 + 2k) > Oisalinear function of x. With the aid of (18) we hence find d¥/dx:
dV¥ /dr=Iny. (34)

Substituting (34) into Egs. (12) to (15) we can integrate the linear Eqgs. (12) to (15), and obtain the concentration
distributions ¢;(X), with i = 1 to 4, in an explicit form:

elz)=[j(z—1) (1+y)/2+1]/y, (35)
c:(z)=[vj(z—1) (1+y)/2+k]/y, (36)
e () =[2(1+k)Iny/(v+jli) +1+E]y. (37)
ci(z)==2y(1+k)In y/(v+jj.). (38)

Setting ¢; = 0 for x = 0 in (35) to (37) we obtain expressions for the corresponding partial currents:

I =2 (LR i 20 (24 2k, ) =4 (1 E) ) (39)
Vi =2(14k) =, 02— [(242k—}, 2 [2)2 =4k (1 +HE) ], (40) -
2n (1= (P ) (2H20) ) ==y P = (41)

Thefunction j,(3)(;,3)) defined by relation (41) isshown in Fig. 2. For j, = 0, curve j,(3)(v,(®)) issues from the point
of j; = 2(1 * k) tangent to the straight line

fihvi=2(1+k). (42)
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At j, =0, the curve j,®)(v;,(3)) terminates in the point vj, = 2(1 + K)[I - exp (-v/2)]. This point can be located, both
to the left and to the right of the point vj, = 2(1 + k) -2/T + k) from which issues the curve (40). In the former case,
which is realized when

1+k>expv, (43)

curves (40) and (41) do not intersect, and the joint reduction of anions and metal cations can be limited only via
conditions (39) and (41). In the second case when a condition which is the opposite of (43) holds true, curves (40)
and (41) intersect and three possibilities exist for limitations of the resultant process, which correspond to the
conditions (39) to (41). Themaximum current of metal ion reduction isalwaysfound when conditions (40) and (41) are
fulfilled simultaneously.

We notice that the left-hand side of inequality (43) depends through the parameter k on solution composition
only, while the right-hand side through the parameter v depends, both on the stoichiometry of reduction reaction (4)
and on the ratio of diffusion coefficients of the anions and cations.

Thus, the maximum partial current of metal electrodeposition is between a lowest value of
Jj1=2(1*Kk) - 2/[(1 + k)k] and a highest value of j, = 2. This result arises from the joint effects of a lowering of the
limiting current of metal ion reduction which occurs when a second kind of cations are added to the system, and of a
correlational exaltation of the migration current [2, 4] which leads to a higher limiting current of cation reduction.
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